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Positive and Negative Relationships

• We considered only positive relationships: 
friends, fans, followers ...

• There are negative too: antagonism, 
controversy, disagreement ...

• Structural balance: understanding the 
tension between the two forces
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In our discussion of networks thus far, we have generally viewed the relationships contained in these networks as having positive 
connotations - links have typically indicated
such things as friendship, collaboration, sharing of information, or membership in a group.

The terminology of on-line social networks reflects a largely similar view, through its emphasis on the connections one forms with friends, 
fans, followers, and so forth. But in most
network settings, there are also negative effects at work. Some relations are friendly, but others are antagonistic or hostile; interactions 
between people or groups are regularly beset
by controversy, disagreement, and sometimes outright conflict. How should we reason about the mix of positive and negative relationships 
that take place within a network?

Here we describe a rich part of social network theory that involves taking a network and annotating its links (i.e., its edges) with positive and 
negative signs. Positive links represent friendship while negative links represent antagonism. Structural balance is a notion to understand 
the tension between these two forces. 

In addition to introducing some of the basics of structural balance, our discussion here serves a second purpose: it illustrates a 
nice connection between local and global network properties. A recurring issue in the analysis of networked systems is the way in which 
local effects | phenomena involving only a few nodes at a time | can have global consequences that are observable at the level of the network 
as a whole. Structural balance offers a way to capture one such relationship in a very clean way, and by purely mathematical analysis: we will 
consider a simple definition abstractly, and find that it inevitably leads to certain macroscopic properties of the network.



Structural Balance
• Clique or complete graph: everyone knows 

everyone else in the network

• Each edge is labeled with ‘-’ or ‘+’

• Set of 3 people can be in 4 different configurations:
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Suppose we have a social network on a set of people, in which everyone knows everyone else - so we have an edge joining each pair of 
nodes. Such a network is called a clique, or a complete graph. We then label each edge with either + or -; a + label indicates that its two 
endpoints are friends, while a - label indicates that its two endpoints are enemies.

The crucial idea is the following. If we look at any two people in the group in isolation, the edge between them can be labeled + or -; that is, 
they are either friends or enemies. But when we look at sets of three people at a time, certain configurations of +'s and -'s are socially 
and psychologically more natural than others. In particular, there are four distinct ways (up to symmetry) to label the three edges among 
three people with +'s and -'s



Structural Balance

1. + + + : three people are mutual 
friends

2. - - + : two people are friends, 
and they have mutual enemy in 
the third

3. + + - : A is a friend with B and 
C; but B and C - enemies

4. - - - : all enemies; motivates two 
of them to “team up” against the 
third

• 3 and 4 represent unstable 
relationship

• 1,2 - balanced, 3,4 - unbalanced
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We can distinguish among these four possibilities as follows.

1. Given a set of people A, B, and C, having three pluses among them is a very natural situation: it corresponds to three people who are 
mutual friends.

2. Having a single plus and two minuses in the relations among the there people is also very natural: it means that two of the three are 
friends, and they have a mutual enemy
in the third.

3. The other two possible labelings of the triangle on A, B, and C introduce some amount of psychological “stress" or “instability" 
into the relationships. A triangle with two pluses and one minus corresponds to a person A who is a friend with each of B and C, but B and 
C don't get along with each other. In this type of situation, there would be implicit forces pushing A to try to get B and C to become friends 
(thus turning the B-C edge label to +); or else for A to side with one of B or C against the other (turning one of the edge labels out of A to a -).

4. Similarly, there are sources of instability in a configuration where each of A, B, and C are mutual enemies. In this case, there would be 
forces motivating two of the three people to “team up" against the third (turning one of the three edge labels to a +).

Based on this reasoning, we will refer to triangles with one or three +'s as balanced, since they are free of these sources of instability, and 
we will refer to triangles with zero or two +'s as unbalanced. The argument of structural balance theorists is that because unbalanced 
triangles are sources of stress or psychological dissonance, people tend to minimize them in their personal relationships, and hence they 
will be less present in real social settings than balanced triangles.



Structural Balance Property

• Structural Balance Property: for every set 
of three nodes, either all three of their edges are 
labeled +, or exactly one of them is labeled +
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So far we have been talking about structural balance for groups of three nodes. But it is easy to create a definition that naturally generalizes 
this to complete graphs on an arbitrary number of nodes, with edges labeled by +'s and -'s.

Specifically, we say that a labeled complete graph is balanced if every one of its triangles is balanced | that is, if it obeys the following:

Structural Balance Property: For every set of three nodes, if we consider the three edges connecting them, either all three of these 
edges are labeled +, or else exactly one of them is labeled +. 

For example, consider the two labeled four-node networks in the pic. The one on the left is balanced, since we can check that each set of 
three nodes satisfies the Structural Balance Property above. On the other hand, the one on the right is not balanced, since among the three 
nodes A;B;C, there are exactly two edges labeled +, in violation of Structural Balance. (The triangle on B;C;D also violates the condition.)

Our definition of balanced networks here represents the limit of a social system that has eliminated all unbalanced triangles. As such, it is a 
fairly extreme definition. For practice, one could instead propose a definition which only required that at least some large percentage 
of all triangles were balanced, allowing a few triangles to be unbalanced.



Structure of Balanced Networks

• What does a balanced network look like?

• The Balance Theorem: a labeled complete 
graph is balanced => 

• all pairs of nodes are friends or

• all nodes can be divided into two groups, X and Y: each pair 
of people in X likes each other, each pair of people in Y likes 
each other and everyone in X is the enemy of everyone in Y
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One way for a network to be balanced is if everyone likes each other; in this case, all triangles have three + labels. On the other hand, the left-
hand pic on the last slide suggests a slightly more complicated way for a network to be balanced: it consists of two groups of friends (A;B and 
C;D), with negative relations between people in different groups. This is actually true in general: suppose we have a labeled complete graph 
in which the nodes can be divided into two groups, X and Y , such that every pair of nodes in X like each other, every pair of nodes in Y like 
each other, and everyone in X is the enemy of everyone in Y . You can check that such a network is balanced: a triangle contained entirely in 
one group or the other has three + labels, and a
triangle with two people in one group and one in the other has exactly one + label. So this describes two basic ways to achieve structural 
balance: either everyone likes each other; or the world consists of two groups of mutual friends with complete antagonism between 
the groups. 

The surprising fact is the following: these are the only ways to have
a balanced network. 

We formulate this fact precisely as the following Balance Theorem:
Balance Theorem: If a labeled complete graph is balanced, then either all pairs of nodes are friends, or else the nodes can be divided into 
two groups, X and Y, such that every pair of nodes in X like each other, every pair of nodes in Y like each other, and everyone in X is the 
enemy of everyone in Y .

The Balance Theorem is not at all an obvious fact, We're now going to show why this claim in fact is true.



Proof of The Balance Theorem

• we must show that:

• Every two nodes in X are friends;

• Every two nodes in Y are friends;

• Every node in X is an enemy of every node in Y.
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Let's argue that each of these conditions is in fact true for our choice of X and Y . This will mean that X and Y do satisfy the conditions of the 
claim, and will complete the proof. 

For (i), we know that A is friends with every other node in X. How about two other nodes in X (let's call them B and C) - must they be friends? 
We know that A is friends with both B and C, so if B and C were enemies of each other, then A, B, and C would form a triangle with two + 
labels - a violation of the balance condition. Since we know the network is balanced, this can't happen, so it must be that B and C in fact are 
friends.

Since B and C were the names of any two nodes in X, we have concluded that every two nodes in X are friends.

Let's try the same kind of argument for (ii). Consider any two nodes in Y (let's call them D and E) | must they be friends? We know that A is 
enemies with both D and E, so if D and E were enemies of each other, then A, D, and E would form a triangle with no + labels | a violation of 
the balance condition. Since we know the network is balanced, this can't happen, so it must be that D and E in fact are friends. Since D and E 
were the names of any two nodes in Y, we have concluded that every two nodes in Y are friends.

Finally, let's try condition (iii). Following the style of our arguments for (i) and (ii), consider a node in X (call it B) and a node in Y (call it D) | 
must they be enemies? We know A is friends with B and enemies with D, so if B and D were friends, then a, B, and D would form a triangle 
with two + labels | a violation of the balance condition. Since we know the network is balanced, this can't happen, so it must be that B and D in 
fact are enemies. Since B and D were the names of any node in X and any node in Y , we have concluded that every such pair constitutes a 
pair of enemies.



Applications of Structural Balance

• International Relations. Example: the evolution 
of alliances in Europe before World War 1
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The evolution of alliances in Europe, 1872-1907 (the nations GB, Fr, Ru, It, Ge, and AH are Great Britain, France, Russia, Italy, Germany, and 
Austria-Hungary respectively). Solid dark edges indicate friendship while dotted red edges indicate enimies. Note how the network slides into 
a balanced labeling | and into World War I.

This also demonstrates the fact that structural balance is not necessarily a good thing in real life. Since its global outcome is often two 
implacably opposed alliances, the search for balance in a system can sometimes be seen as a slide into a hard-to-resolve opposition between 
two sides.



Applications of Structural Balance

• Slashdot - technology news site 
(slashdot.org)

• Epinions - product rating site, users can 
express trust or distrust to each other 
(www.epinions.com)
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A growing source for network data with both positive and negative edges comes from user communities on the Web where people can express 
positive or negative sentiments about each other. 
Examples include the technology news site Slashdot, where users can designate each other as a “friend" or a “foe", and on-line product-rating 
sites such as Epinions, where a user can express evaluations of different products, and also express trust or distrust of other users.



10

Game Theory
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In this course, we want to look at the networks from two perspectives: first, an underlying structure of interconnecting links; and second, 
an interdependence in the behaviors of the individuals who inhabit the system, so that the outcome for any one depends at least implicitly on 
the combined behaviors of all. The first issue - network structure - was addressed on the last lecture using graph theory.

In this part of the course, we study interconnectedness at the level of behavior, developing basic models for this in the language of game 
theory.



“Exam or Presentation” Game
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• You need to choose between exam or presentation:

• If you study exam, your grade will be 92, if don’t study - 80;

• Presentation must be prepared jointly with a partner: 

✦ if both you and your partner prepares, you’ll get 100;

✦ if only one of you prepares, you’ll get 92;

✦ if neither of you prepares, you’ll get 84;

• You cannot contact your presentation partner, so you don’t know what he 
does;

• Grades are symmetric for your presentation partner
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A First Example. Suppose that you're a college student, and you have two large pieces of work due the next day: an exam, and a 
presentation. You need to decide whether to study for the exam, or to prepare for the presentation. For simplicity, and to make the example as 
clean as possible, we'll impose a few assumptions. First, we'll assume you can either study for the exam or prepare for the presentation, but 
not both. Second, we'll assume you have an accurate estimate of the expected grade you'll get under the outcomes of different decisions.

The outcome of the exam is easy to predict: if you study, then your expected grade is a 92, while if you don't study, then your expected grade 
is an 80. The presentation is a bit more complicated to think about. For the presentation, you're doing it jointly with a partner. If both you and 
your partner prepare for the presentation, then the presentation will go extremely well, and your expected joint grade is a 100. If just one of you 
prepares (and the other doesn't), you'll get an expected joint grade of 92; and if neither of you prepares, your expected joint grade is 84. 

The challenge in reasoning about this is that your partner also has the same exam the next day, and we'll assume that he has the same 
expected outcome for it: 92 if he studies, and 80 if he doesn't. He also has to choose between studying for the exam and preparing for the 
presentation. We'll assume that neither of you is able to contact the other, so you can't jointly discuss what to do; each of you needs to make a 
decision independently, knowing that the other will also be making a decision.
Both of you are interested in maximizing the average grade you get, and we can use the discussion above to work out how this average grade 
is determined by the way the two of you invest your efforts:

• If both of you prepare for the presentation, you'll both get 100 on the presentation and 80 on the exam, for an average of 90.

• If both of you study for the exam, you'll both get 92 on the exam and 84 on the presentation, for an average of 88.

• If one of you studies for the exam while the other prepares for the presentation, the result is as follows. 
  - The one who prepares for the presentation gets a 92 on the presentation but only an 80 on the exam, for an average of 86.
  - On the other hand, the one who studies for the exam still gets a 92 on the presentation | since it's a joint grade, this person benefits from the 
fact that one of the two of you prepared for it. This person also get a 92 on the exam, through studying, and so gets an average of 92.

now you need to figure out what to do: prepare for the presentation, or study for the exam?



Basic Ingredients of a Game
• A Game is any situation with the following three aspects:

• a set of players

• each player decides how to behave: chooses a 
strategy

• for each choice of strategies, each player receives a 
payoff that can depend on the strategies selected by 
everyone

• payoff matrix - payoffs for all players for all 
possible strategies

• Our interest is to understand how players will behave in 
a given game
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The situation we've just described is an example of a game. For our purposes, a game is any situation with the following three aspects. 

(i) There is a set of participants, whom we call the players. In our example, you and your partner are the two players.
(ii) Each player has a set of options for how to behave; we will refer to these as the player's possible strategies. In the example, you and your 
partner each have two possible
strategies: to prepare for the presentation, or to study for the exam.
(iii) For each choice of strategies, each player receives a payoff that can depend on the strategies selected by everyone. The payoffs will 
generally be numbers, with each player preferring larger payoffs to smaller payoffs. In our current example, the payoff to each player is the 
average grade he or she gets on the exam and the presentation.

We will generally write the payoffs in a payoff matrix as on the last slide. Our interest is in reasoning about how players will behave in a given 
game.



Underlying Assumptions

• We focus on games with 2 players, one-shot games

• Assumptions:

1. A player maximizes her own payoff. Or a sum 
payoff of all players

2. Each player knows everything about a structure of 
a game

3. Rationality: each player chooses a strategy based 
on the beliefs about the strategies chosen by the 
other player; each player is experienced - doesn’t 
do mistakes
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Once we write down the description of a game, consisting of the players, the strategies, and the payoffs, we can ask how the players are likely 
to behave | that is, how they will go about selecting strategies.

Underlying Assumptions. In order to make this question tractable, we will make a few assumptions. First, we assume everything that a 
player cares about is summarized in the player's payoffs. In the Exam-or-Presentation Game, this means that the two players are solely 
concerned with maximizing their own average grade. However, nothing in the framework of game theory requires that players care only about 
personal rewards. For example, a player who is altruistic may care about both his or her own benefits, and the other player's benefit. If so, 
then the payoffs should reflect this; once the payoffs have been defined, they should constitute a complete description of each player's 
happiness with each of the possible outcomes of the game.

We also assume that each player knows everything about the structure of the game. To begin with, this means that each player knows 
his or her own list of possible strategies. It seems reasonable in many settings to assume that each player also knows who the other player is 
(in a two-player game), the strategies available to this other player, and what his or her payoff  will be for any choice of strategies. In the 
Exam-or-Presentation Game, this corresponds to the assumption that you realize you and your partner are each faced with the choice of 
studying for the exam or preparing for the presentation, and you have an accurate estimate of the expected outcome under different courses 
of action.

Finally, we suppose that each individual chooses a strategy to maximize her own payoff, given her beliefs about the strategy used by the other 
player. This model of individual behavior, which is usually called rationality, actually combines two ideas. The first idea is  that each player 
wants to maximize her own payoff. Since the individual's payoff is defined to be whatever the individual cares about, this hypothesis seems 
reasonable. The second idea is that each player actually succeeds in selecting the optimal strategy. In simple settings, and for games 
played by experienced players, this too seems reasonable. In complex games, or for games played by inexperienced players, it is surely less 
reasonable. It is interesting to consider players who make mistakes and learn from the play of the game. 



Behavior in the 
“Exam or Presentation Game”

• if your partner studies for the exam, you get:

• 88 if you study for the exam, 

• 86 if you prepare for the presentation

• if your partner prepares for the presentation, 
you get:

• 90 if you prepare for the presentation, 

• 92 if you prepare for the exam
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We first focus on this from your point of view. (The reasoning for your partner will be symmetric, since the game looks the same from his point 
of view.) It would be easier to decide what to do if you could predict what your partner would do, but to begin with, let's consider what you 
should do for each possible choice of strategy by your partner.

 First, if you knew your partner was going to study for the exam, then you would get a payoff of 88 by also studying, and a payoff of only 86 by 
preparing for the presentation. So in this case, you should study for the exam.

 On the other hand, if you knew that your partner was going to prepare for the presentation, then you'd get a payoff of 90 by also preparing for 
the presentation, but a payoff of 92 by studying for the exam. So in this case too, you should study for the exam.

This approach of considering each of your partner's options separately turns out to be a very useful way of analyzing the present situation: it 
reveals that no matter what your partner does, you should study for the exam.



Strictly Dominant Strategy
• Preparing for the exam is a strictly dominant 

strategy for you

• Also for your partner, so we expect you both get 88

• But! If you and your partner could somehow agree 
to prepare for the presentation, you would each be 
better off (90 each)

• And then: if your partner knew you are preparing 
for the presentation, he can choose to prepare for 
the exam, to be even better off (92)
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When a player has a strategy that is strictly better than all other options regardless of what the other player does, we will refer to it as a 
strictly dominant strategy. When a player has a strictly dominant strategy, we should expect that they will definitely play it. In the Exam-or-
Presentation Game, studying for the exam is also a strictly dominant strategy for your partner (by the same reasoning), and so we should 
expect that the outcome will be for both of you to study, each getting an average grade of 88.

So this game has a very clean analysis, and it's easy to see how to end up with a prediction for the outcome. Despite this, there's 
something striking about the conclusion. If you and your partner could somehow agree that you would both prepare for the presentation, 
you would each get an average grade of 90 - in other words, you would each be better off.

But despite the fact that you both understand this, this payoff of 90 cannot be achieved by rational play. The reasoning above makes it clear 
why not: even if you were to personally commit to preparing for the presentation - hoping to achieve the outcome where you both get 90 - and 
even if your partner knew you were doing this, your partner would still have an incentive to study for the exam so as to achieve a still-
higher payoff of 92 for himself.

This result depends on our assumption that the payoffs truly reflect everything each player values in the outcome - in this case, that you and 
your partner only care about maximizing your own average grade. If, for example, you cared about the grade that your partner received as 
well, then the payoffs in this game would look different, and the outcome could be different. Similarly, if you cared about the fact that your 
partner will be angry at you for not preparing for the joint presentation, then this too should be incorporated into the payoffs, again potentially 
affecting the results. But with the payoffs as they are, we are left with the interesting situation where there is an outcome that is better for both 
of you. an average grade of 90 each | and yet it cannot be achieved by rational play of the game.



The Prisoner’s Dilemma

• Two suspects are the players, they choose between 
two possible strategies: Confess (C) or Not-Confess (NC)

• If Suspect 2 confess, then Suspect 1 gets:

• -4 if he confesses;

• -10 not confessing;

• If Suspect 2 doesn’t confess, then Suspect 1 gets:

• 0 by confessing;

• -1 by not confessing;
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Famous example: Prisoners Dilemma

Suppose that two suspects have been apprehended by the police and are being interrogated in separate rooms. The police strongly suspect 
that these two individuals are responsible for a robbery, but there is not enough evidence to convict either of them of the robbery.

However, they both resisted arrest and can be charged with that lesser crime, which would carry a one-year sentence. Each of the suspects is 
told the following story. 

-If you confess, and your partner doesn't confess, then you will be released and your partner will be charged with the crime. Your confession 
will be sufficient to convict him of the robbery and he will be sent to prison for 10 years. 
-If you both confess, you get each 4 years only | because of your guilty plea.

-Finally, if neither of you confesses, then each of you gets 1 year. Your partner is being offered the same deal. 

To formalize this story as a game we need to identify the players, the possible strategies, and the payoffs. The two suspects are the players, 
and each has to choose between two possible strategies - Confess (C) or Not-Confess (NC). Finally, the payoffs can be summarized from the 
story above. (Note that the payoffs are all 0 or less, since there are no good outcomes for the suspects, only different gradations of bad 
outcomes.

As in the Exam-or-Presentation Game, we can consider how one of the suspects - say Suspect 1 - should reason about his options.

- If Suspect 2 were going to confess, then Suspect 1 would receive a payoff of -4 by confessing and a payoff of -10 by not confessing. So in 
this case, Suspect 1 should confess.

- If Suspect 2 were not going to confess, then Suspect 1 would receive a payoff of 0 by confessing and a payoff of -1 by not confessing. So in 
this case too, Suspect 1 should confess.

So confessing is a strictly dominant strategy - it is the best choice regardless of what the other player chooses. As a result, we should expect 
both suspects to confess, each getting a payoff of -4.

We therefore have the same striking phenomenon as in the Exam-or-Presentation Game: there is an outcome that the suspects know to be 
better for both of them - in which they both choose not to confess - but under rational play of the game there is no way for them to achieve this 
outcome. Instead, they end up with an outcome that is worse for both of them. And here too, it is important that the payoffs reflect everything 
about the outcome of the game; if, for example, the suspects could credibly threaten each other with retribution for confessing, thereby 
making confessing a less desirable option, then this would affect the payoffs and potentially the outcome.



Interpretations of the Prisoner’s Dilemma

• Example: drugs in professional sport
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• Arm races: two competitors use an 
increasingly dangerous arsenal of weapons to 
remain evenly matched

• only possible when the payoffs are aligned in 
a certain way; game can be very different
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Drugs in professional sports: Here, the best outcome (with a payoff of 4) is to use drugs when your opponent doesn't, since then you 
maximize your chances of winning. However, the payoff to both using drugs (2) is worse than the payoff to both not using drugs (3), since in 
both cases you're evenly matched, but in the former case you're also causing harm to yourself. We can now see that using drugs is a strictly 
dominant strategy, and so we have a situation where the players use drugs even though they understand that there's a better outcome for 
both of them.

More generally, situations of this type are often referred to as arms races, in which two competitors use an increasingly dangerous 
arsenal of weapons simply to remain evenly matched. In the example above, the performance-enhancing drugs play the role of the weapons, 
but the Prisoner's Dilemma has also been used to interpret literal arms races between opposing nations, where the weapons correspond to 
the nations' military arsenals.

To wrap up our discussion of the Prisoner's Dilemma, we should note that it only arises when the payoffs are aligned in a certain ways.  
We will now see later in this lecture, there are many situations where the structure of the game and the resulting behavior looks very different.



Best Responses and Dominant Strategies

• S - strategy chosen by Player 1, T - strategy chosen 
by Player 2 => there is an entry in the payoff matrix 
(S, T)

• P1(S,T) - payoff to Player 1, P2(S, T) - payoff to the 
Player 2

• S for Player 1 is a best response to a strategy T 
for Player 2 if:

P1(S,T)>=P1(S’,T)

• S is a strict best response for T if:

P1(S,T)>P1(S’,T)
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We have already used some fundamental concepts of games, now - let us formulate them.

The first concept is the idea of a best response: it is the best choice of one player, given a belief about what the other player will do. 
For instance, in the Exam-or-Presentation Game, we determined your best choice in response to each possible choice of your partner. 

We can make this precise with a bit of notation, as follows. If S is a strategy chosen by Player 1, and T is a strategy chosen by Player 2, then 
there is an entry in the payoff matrix corresponding to the pair of chosen strategies (S; T). We will write P1(S; T) to denote the payoff to Player 
1 as a result of this pair of strategies, and P2(S; T) to denote the payoff to Player 2 as a result of this pair of strategies. Now, we say that a 
strategy S for Player 1 is a best response to a strategy T for Player 2 if S produces at least as good a payoff as any other strategy paired with 
T: P1(S; T)  P1(S0; T) for all other strategies S0 of Player 1. Naturally, there is a completely symmetric definition for Player 2, which we won't 
write down here. (In what follows, we'll present the definitions from Player 1's point of view, but there are direct analogues for Player 2 in each 
case.)

Notice that this definition allows for multiple different strategies of Player 1 to be tied as the best response to strategy T. This can 
make it difficult to predict which of these multiple different strategies Player 1 will use. We can emphasize that one choice is uniquely the best 
by saying that a strategy S of Player 1 is a strict best response to a strategy T for Player 2 if S produces a strictly higher payoff than any other 
strategy paired with T: P1(S; T) > P1(S0; T)

for all other strategies S0 of Player 1. When a player has a strict best response to T, this is clearly the strategy she should play when faced 
with T.

 



Dominant Strategy
• Dominant strategy for Player 1 is a 

strategy that is a best response to every 
strategy of Player 2

• Strictly dominant strategy for Player 1 
is a strategy that is a strict best response to 
every strategy of Player 2

• In Prisoner’s Dilemma both players had 
strictly dominant strategies, so it was easy 
to reason what was likely to happen
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The second concept, which was central to our analysis in the previous section, is that of a strictly dominant strategy. We can formulate its 
definition in terms of best responses as follows.

 We say that a dominant strategy for Player 1 is a strategy that is a best response to every strategy of Player 2.

 We say that a strictly dominant strategy for Player 1 is a strategy that is a strict best response to every strategy of Player 2.

In the previous section, we made the observation that if a player has a strictly dominant strategy, then we can expect him or her to use it. The 
notion of a dominant strategy is slightly weaker, since it can be tied as the best option against some opposing strategies. As a result, a player 
could potentially have multiple dominant strategies, in which case it may not be obvious which one should be played.

The analysis of the Prisoner's Dilemma was facilitated by the fact that both players had strictly dominant strategies, and so it was easy to 
reason about what was likely to happen. But most settings won't be this clear-cut, and we now begin to look at games which lack strictly 
dominant strategies.



A Game In Which Only One Player 
Has a Strictly Dominant Strategy

• Firm 1 and Firm 2 choose between producing low-priced product or 
upscale product

• Market is divided into 2 segments: low-priced version of a product 
(60%) and upscale version (40%)

• Firm 1 is more popular, so it gets 80% of market if it competes with 
Firm 2 (20%)
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• Firm 1 has a strictly dominant strategy Low-priced

• if Firm 2 knows Firm 1 payoff, and that Firm 2 wants to maximize profits, then 
it can decide to go Upscale
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Let's imagine that the population of consumers can be cleanly divided into two market segments: people who would only buy a low-priced 
version of the product, and people who would only buy an upscale version. Let's also assume that the profit any firm makes on a sale of either 
a low price or an upscale product is the same. So to keep track of profits it's good enough to keep track of sales. Each firm wants to maximize 
its profit, or equivalently its sales, and in order to do this it has to decide whether its new product will be low-priced or upscale.

So this game has two players- Firm 1 and Firm 2- and each has two possible strategies: to produce a low-priced product or an upscale one. 
To determine the payoffs, here is how the firms expect the sales to work out.

 First, people who would prefer a low-priced version account for 60% of the population, and people who would prefer an upscale version 
account for 40% of the population.

 Firm 1 is the much more popular brand, and so when the two firms directly compete in a market segment, Firm 1 gets 80% of the sales and 
Firm 2 gets 20% of the sales.
(If a firm is the only one to produce a product for a given market segment, it gets all the sales.)

Based on this, we can determine payoffs for different choices of strategies as follows.
 If the two firms market to different market segments, they each get all the sales in that segment. So the one that targets the low-priced 
segment gets a payoff .60 and the one that targets the upscale segment gets .40.

 If both firms target the low-priced segment, then Firm 1 gets 80% of it, for a payoff of .48, and Firm 2 gets 20% of it, for a payoff of .12.

 Analogously, if both firms target the upscale segment, then Firm 1 gets a payoff of (.8)(.4) = .32 and Firm 2 gets a payoff of (.2)(.4) = .08. This 
can be summarized in the following payoff matrix.

Notice that in this game, Firm 1 has a strictly dominant strategy: for Firm 1, Low-Priced is a strict best response to each strategy of Firm 2. On 
the other hand, Firm 2 does not have a dominant strategy: Low-Priced is its best response when Firm 1 plays Upscale, and Upscale is its best 
response when Firm 1 plays Low-Priced. 



When neither player has a 
strictly dominant strategy 

• Three-Client Game: (2 firms, 3 clients A, B and C)

• if both firms approach the same client => client gives half of its 
business

• firm 1 is too small, if it approaches a client alone - it gets 0

• A is a large client => it is only possible to approach together

• if firm 2 approaches B or C => it gets full business

• A costs 8, B or C cost 2
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No strictly dominant strategy - how should we reason about the outcome?
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A simple example of a game that lacks strictly dominant strategies. Like our previous example, it will be a marketing game played between 
two firms; however, it has a slightly more intricate set-up. Suppose there are two firms that each hope to do business with one of three large 
clients, A, B, and C. Each firm has three possible strategies: whether to approach A, B, or C. The results of their two decisions will work out 
as follows.

• If the two firms approach the same client, then the client will give half its business to each.

• Firm 1 is too small to attract business on its own, so if it approaches one client while Firm 2 approaches a different one, then Firm 1 gets a 
payoff of 0.

• If Firm 2 approaches client B or C on its own, it will get their full business. However, A is a larger client, and will only do business with the 
firms if both approach A.

• Because A is a larger client, doing business with it is worth 8 (and hence 4 to each firm if it's split), while doing business with B or C is worth 
2 (and hence 1 to each firm if it's split). 

If we study how the payoffs in this game work, we see that neither firm has a dominant strategy. Indeed, each strategy by each firm is a strict 
best response to some strategy by the other firm. For Firm 1, A is a strict best response to strategy A by Firm 2, B is a strict best response to 
B, and C is a strict best response to C. For Firm 2, A is a strict best response to strategy A by Firm 1, C is a strict best response to B, and B is 
a strict best response to C. So how should we reason about the outcome of play in this game?



Nash Equilibrium
• John Nash proposed in 1950 the concept 

(later received Nobel Prize in Economics)

Suppose, Player 1 chooses a strategy S and 
Player 2 chooses a strategy T. 
Then (S,T) is a Nash Equilibrium if S is a best 
response for T and T is a best response for S

• Idea: if players choose strategies that are best 
responses to each other, then no player has 
an incentive to change to alternative strategy
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Defining Nash Equilibrium. In 1950, John Nash proposed a simple but powerful principle for reasoning about behavior in general games, 
and its underlying premise is the following: even when there are no dominant strategies, we should expect players to use strategies that are 
best responses to each other. More precisely, suppose that Player 1 chooses a strategy S and Player 2 chooses a strategy T. We say that this 
pair of strategies (S; T) is a Nash equilibrium if S is a best response to T, and T is a best response to S.

This is not a concept that can be derived purely from rationality on the part of the players; instead, it is an equilibrium concept. The idea is that 
if the players choose strategies that are best responses to each other, then no player has an incentive to deviate to an alternative strategy - so 
the system is in a kind of equilibrium state, with no force pushing it toward a different outcome. Nash shared the 1994 Nobel Prize in 
Economics for his development and analysis of this idea.

To understand the idea of Nash equilibrium, we should first ask why a pair of strategies that are not best responses to each other would not 
constitute an equilibrium. The answer is that the players cannot both believe that these strategies will be actually used in the game, as they 
know that at least one player would have an incentive to deviate to another strategy. So Nash equilibrium can be thought of as an equilibrium 
in beliefs. If each player believes that the other player will actually play a strategy that is part of a Nash equilibrium, then she is willing to play 
her part of the Nash equilibrium.



Nash Equilibrium

• (A,A) - Nash Equilibrium

• (A,A) - is the only Nash Equilibrium in this 
game (check (B,C) for example )
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Let's consider the Three-Client Game from the perspective of Nash equilibrium. If Firm 1 chooses A and Firm 2 chooses A, then we can check 
that Firm 1 is playing a best response to Firm 2's strategy, and Firm 2 is playing a best response to Firm 1's strategy. Hence, the pair of 
strategies (A;A) forms a Nash equilibrium. Moreover, we can check that this is the only Nash equilibrium. No other pair of strategies are best 
responses to each other.1 

This discussion also suggests two ways to find Nash equilibria. The first is to simply check all pairs of strategies, and ask for each one of them 
whether the individual strategies are best responses to each other. The second is to compute each player's best response(s) to each strategy 
of the other player, and then find strategies that are mutual best responses.



Multiple Equilibria: 
Coordination Games

• Some natural games can have more than one 
Nash equilibrium

• Coordination game: two players share a goal to 
coordinate on the same strategy
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• (PowerPoint,PowerPoint) and 
(Keynote,Keynote) - 2 Nash equilibria
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A Coordination Game. A simple but central example is the following Coordination Game, which we can motivate through the following story. 
Suppose you and a partner are each preparing slides for a joint project presentation; you can't reach your partner by phone, and need to start 
working on the slides now. You have to decide whether to prepare your half of the slides in PowerPoint or in Apple's Keynote software. Either 
would be  fine, but it will be much easier to merge your slides together with your partner's if you use the same software.

So we have a game in which you and your partner are the two players, choosing Power-Point or choosing Keynote form the two strategies 
This is called a Coordination Game because the two players' shared goal is really to coordinate on the same strategy. 

The underlying difficulty is that the game has two Nash equilibria | i.e., (Power-Point,PowerPoint) and (Keynote,Keynote). If the players fail to 
coordinate on one of the Nash equilibria, perhaps because one player expects Power-Point to be played and the other expects Keynote, then 
they receive low payoffs. So what do the players do?



Variants on the Basic Coordination Game

• Unbalanced coordination game

• we can predict that when the players have to choose, they will select 
strategies so as to reach the equilibrium that gives higher payoffs to 
both of them

• If you and your partner don’t agree on which software to choose

• Battle of the Sexes - another example:

• husband and wife want to see a movie together and they need to 
choose between Action and Romance 
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To take a simple extension of our previous example, suppose that both you and your project partner each prefer Keynote to PowerPoint. You 
still want to coordinate, but you now view the two alternatives as unequal. This gives us the payoff matrix for an Unbalanced Coordination 
Game, shown on the slide.

Notice that (PowerPoint,PowerPoint) and (Keynote,Keynote) are still both Nash equilibria for this game, despite the fact that one of them 
gives higher payoffs to both players.

Things get more complicated if you and your partner don't agree on which software you prefer. In this case, the two equilibria still correspond 
to the two different ways of coordinating, but your payoff is higher in the (Keynote,Keynote) equilibrium, while your partner's payoff is higher in 
the (PowerPoint,PowerPoint) equilibrium. This game is traditionally called the Battle of the Sexes, because of the following motivating story.



Basic Coordination Game:
Stag Hunt Game

• Two people are hunting:

• if they hunt together, they can catch a stag

• on their own they can catch a hare only

• Which equilibrium will be chosen depends on a 
low downside of miscoordination
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It's worth mentioning one  final variation on the basic Coordination Game, which has attracted attention in recent years. This is the Stag Hunt 
Game [374]; the name is motivated by the following story from writings of Rousseau. Suppose that two people are out hunting; 

if they work together, they can catch a stag (which would be the highest-payoff outcome), but on their own each can catch a hare. The tricky 
part is that if one hunter tries to catch a stag on his own, he will get nothing, while the other one can still catch a hare. Thus, the hunters are 
the two players, their strategies are Hunt Stag and Hunt Hare.

As a result, the challenge in reasoning about which equilibrium will be chosen is based on the trade-off between the high payoff of one and 
the low downside of miscoordination from the other.



AntiCoordination Game:
The Hawk-Dove Game

• if both behave passively - they divide the food evenly, 
each gets a payoff 3

• if one behaves aggressively while the other behaves 
passively - they get 5:1

• if both behave aggressively, they destroy the food - get 0
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Multiple Nash equilibria also arise in a different but equally fundamental kind of game, in which the players engage in a kind of \anti-
coordination" activity. Probably the most basic form of such a game is the Hawk-Dove Game, which is motivated by the following story.

Suppose two animals are engaged in a contest to decide how a piece of food will be divided between them. Each animal can choose to 
behave aggressively (the Hawk strategy) or passively (the Dove strategy). If the two animals both behave passively, they divide the food 
evenly, and each get a payoff of 3. If one behaves aggressively while the other behaves passively, then the aggressor gets most of the food, 
obtaining a payoff of 5, while the passive one only gets a payoff of 1. But if both animals behave aggressively, then they destroy the food (and 
possibly injure each other), each getting a payoff of 0.

This game has two Nash equilibria: (D;H) and (H;D). Without knowing more about the animals we cannot predict which of these equilibria will 
be played. So as in the coordination games we looked at earlier, the concept of Nash equilibrium helps to narrow down the set of reasonable 
predictions, but it does not provide a unique prediction.

The Hawk-Dove game has been studied in many contexts. For example, suppose we substitute two countries for the two animals, and 
suppose that the countries are simultaneously choosing whether to be aggressive or passive in their foreign policy. Each country hopes to 
gain through being aggressive, but if both act aggressively they risk actually going to war, which would be disastrous for both. So in 
equilibrium, we can expect that one will be aggressive and one will be passive, but we can't predict who will follow which strategy.



AntiCoordination Game:
Variant of “Exam or Presentation?”

• Modification to the “Exam or Presentation”:

• if none of you prepares for the presentation - you get very 
low grade - 60

• Two equilibria: (Presentation, Exam) and (Exam, 
Presentation). One of you must behave passively and 
prepare for the presentation

• You want to prepare for the exam, but risk to be penalized 
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In this version of the game, there are two equilibria: (Presentation, Exam) and (Exam, Presentation). Essentially, one of you must behave 
passively and prepare for the presentation, while the other achieves the higher payoff by studying for the exam. If you both try to avoid the 
role of the passive player, you end up with very low payoffs, but we cannot predict from the structure of the game alone who will play this 
passive role.



• This lecture: 5.1-5.3; 6.1-6.6

• Next lecture: 

Introduction to Game Theory: Mixed 
Strategies and Social-Optimality

Modeling Network Traffic Using Game 
Theory

Auctions
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