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Bargaining and Power in Networks
Last Lecture

• Power in social networks

• Experiments for network exchange:

• Different positions give different power

• Unstable network
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A Connection To Buyer-Seller 
Networks

• Graphs without division onto buyers and sellers

• Suppose, A and C - buyers, B and D - sellers

• This is completely equivalent to the exchange 
network experiment on the 4-nodes path

• This equivalence is only possible for bipartite graphs

• Humans in buyer-seller setting do not behave in the 
same way as in network exchange setting, according 
to experiments
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When we discussed matching markets on the last lecture, we considered bipartite graphs consisting of buyers and sellers. Then, on the 
other hand, we have been talking about graphs in which the participants all play the same role (there is no division into buyers and sellers); 
and rather than conducting trade, they negotiate over the division of money on the edges. Despite these surface-level differences, there is a 
close connection between the two settings.

To see this connection, let's consider the 4-node path as an example. Suppose we declare nodes A and C to be buyers, and nodes B and D to 
be sellers. We give one unit of a good to each of B and D, and one unit of money to each of A and C; we assume that A and C each have a 
valuation of 1 for one copy of the good, and that B and D have no valuation for the good. We now consider the prices at which sales of the 
good will take place.

It takes a bit of thought, but this is completely equivalent to the exchange network experiment on the length-4 path. For example, if B sells to 
A for a price of x, then B gets a payoff  of x (from the x units of money), and A gets a payoff of 1 - x (from the 1 unit of value for the good, 
minus the x units of money he has to pay).

Thus, the negotiation between A and B over a price x in the buyer-seller network is just like the negotiation between A and B over the division 
of $1 into x and 1 - x in an exchange network. Furthermore, the 1-exchange rule corresponds to the requirement that each seller can only sell 
a single unit of the good, and each buyer only wants one unit of the good.

Two important points here: 1) The translation is only possible for graphs that are bipartite  The triangle graph on the slide is not bipartite, 
and although we can still talk about the exchange network experiment, it is not possible to label the nodes as buyers and sellers in such a way 
that all edges join a seller to a buyer. We can make one node a seller, and another node a buyer, but then we have no options for what to 
label the third node. 
2) The formulations are equivalent only at a mathematical level. It is not at all clear that human subjects placed in a buyer-seller 
experiment would behave in the same way as human subjects in a network exchange experiment, even on the very same graph. 
Indeed, there is recent empirical evidence suggesting that one may in fact see different outcomes from these two ways of describing the same 
process to test subjects.



Modeling Two-Person Interaction: 
The Nash Bargaining Solution

• We now want to develop a mathematical 
framework to get predictions about the 
outcomes of network exchange in arbitrary 
network

• For this we need two ingredients:

• Nash bargaining solution (more 
mathematical flavor)

• The Ultimatum Game (more about 
human-subject experiments)
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Thus far, we have seen a range of networks on which exchange experiments have been carried out, and we have developed some of the 
informal reasons why the outcomes turn out the way they do. We'd now like to develop a more mathematical framework allowing us to 
express predictions about what will happen when network exchange takes place in an arbitrary network. 

Among the phenomena we'd like to be able to explain are the distinctions between equal and asymmetric division of value across an edge; 
between strong power (when imbalances go to extremes) and weak power (as in the four-node path, when the imbalance remains moderate); 
and between networks where outcomes stabilize and networks (like the triangle) where they don't.

In fact, we will be able to achieve this goal to a surprising extent, capturing each of these phenomena in a model based on simple principles. 
We begin the formulation of this model here and in the next section by developing two important ingredients, each based on a different type of 
two-person interaction. The first ingredient - the Nash bargaining solution - has a more mathematical flavor, while the second - the 
ultimatum game - is based primarily on human-subject experiments.



Nash Bargaining Solution
• Two people A and B are negotiating over how to split $1

• A has an outside option of x, B has an outside option of y

• if x+ y > 1 then no agreement between A and B is possible => x+ y <= 1

• A requires at least x from the negotiations, B - at least y => they need to 
split the surplus s=1-x-y

• if A and B have equal bargaining power => they split the surplus evenly
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Nash Bargaining Solution: 
When A and B negotiate over splitting $1, with an outside options of x 
for A and y for B (and x+y<=1), the Nash bargaining outcome is

x + 1/2s to A, and

y + 1/2s to B
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The Nash Bargaining Solution. Let's start with a simple formulation of two-person bargaining. Suppose, as in network exchange on a 2-node 
path, that two people A and B are negotiating over how to split $1 between them. Now, however, we extend the story to assume that A also has 
an outside option of x, and B has an outside option of y. By this we mean that if A doesn't like his share of the $1 arising from the negotiations 
with B, he can leave and take x instead. This will presumably happen, for instance, if A is going to get less than x from the negotiations. 
Similarly, B has the option of abandoning the negotiation at any time and taking her outside option of y. Notice that if x + y > 1, then no 
agreement between A and B is possible, since they can't divide a dollar so that one gets at least x and the other gets at least y. Consequently, 
we will assume x+y <= 1 when we consider this type of situation.

Given these conditions, A requires at least x from the negotiations over splitting the dollar, and B requires at least y. Consequently, the 
negotiation is really over how to split the surplus s = 1 - x - y (which is at least 0, given our assumption that x + y < 1 in the previous 
paragraph). A natural prediction is that if the two people A an  B have equal bargaining power, then they will agree on the division that splits 
this surplus evenly: A gets x + 1/2s, and B gets y + 1/2s. This is the prediction of a number of general theories including the Nash bargaining 
solution, and we will use this as our term for the outcome:

Nash Bargaining Solution: When A and B negotiate over splitting a dollar, with
an outside option of x for A and an outside option of y for B (and x + y <= 1),
the Nash bargaining outcome is

 x + 1/2s = (x + 1 - y)/2 to A, and

 y + 1/2s = (y + 1 - x)/2 to B.



Nash Bargaining Solution:
Interpretation

• Strong outside options are very important 
to get successful negotiations
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Nash Bargaining Solution: 

x + 1/2s outcome to A, and

y + 1/2s outcome to B
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At a high level, the formulation of the Nash bargaining solution emphasizes an important point about the process of negotiation in 
general: trying to ensure that you have as strong an outside option as possible, before the negotiations even begin, can be very 
important for achieving a favorable outcome. For most of this chapter, it is enough to take the Nash bargaining solution as a self-contained 
principle, supported by the results of experiments. 

Now - letʼs see what experiments with people actually show



Experiments on Status Effects
• How external information can affect relative bargaining power of 

people?

• Experiments on “social status” in bargaining

• Experiment made on students:

• A believes B to be “low-status”

• B believes A to be “high-status”

• Result:  

• A tend to inflate the size of their outside option if they believe 
B is lower-status;

• B tend to reduce the size of their outside option if they believe 
A is higher-status

• Person who was believed to be higher-status in the experiments 
tended to achieve better outcomes than the theoretical 
predictions!
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Experiments on Status Effects. When we think about bargaining in the context of experiments with human subjects, we of course need to 
consider the assumption that the two people have equal bargaining power. While in our models we will make use of this assumption, it is 
interesting to think about how external information could affect relative bargaining power in settings such as these.

The effects of perceived social status on bargaining power have been explored experimentally by sociologists. In these experiments, two 
people are asked to divide money in situations where they are led to believe that one is “higher-status" and the other is “lower-status." 

For example, in a recent set of these experiments, pairs of people A and B, each female college sophomores, negotiated in the presence of 
outside options using instant messaging. However, each was given false information about the other: A was told that B was a high-school 
student with low grades, while B was told that A was a graduate student with very high grades. Thus, A believed B to be low-status, while B 
believed A to be high-status.

The results of these experiments illustrate interesting ways in which beliefs about differential status can lead to deviations from theoretical 
predictions in bargaining. First, each subject had to communicate information about their own outside options to their partners as part of the 
negotiation (this information was not provided by the experimenters). It was found that people tended to inflate the size of their outside 
option when they believed their negotiating partner was lower-status; and they tended to reduce the size of their outside option 
when they believed their negotiating partner was higher-status. Compounding this effect, people tended to partially discount a 
negotiating partner's claims about outside options when they believed this partner to be lower-status. (In other words, lower-status 
people tended to underreport the value of their outside options, and even these underreported values were discounted by their partners.) 
Overall, for these and other reasons, the subject who was believed to be higher-status by her partner tended to achieve significantly 
better bargaining outcomes than the theoretical predictions.

Naturally, these status effects are interesting additional factors to incorporate into models of exchange. For developing the most basic 
family of models, however, we will focus on the case of interaction in the absence of additional status effects, using the Nash 
bargaining outcome as a building block.



Modeling Two-Persons Interaction:
The Ultimatum Game

• In real life, human subjects placed in bargaining 
situations with strong power imbalances tend to 
deviate from extreme predictions of theoretical models

• the Ultimatum Game is a basic experimental 
framework to prove it:

(i) Person A is given $1 and told to propose how much 
he keeps for himself and how much he gives to B

(ii) Person B is given an option of approving or rejecting 
the proposed division

(iii)if B approves, each person keeps the proposed 
amount; if B rejects, then each person gets nothing
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The Nash bargaining outcome provides us with a way of reasoning about two people whose power differences arise through differences 
in their outside options. In principle, this applies even to situations with extreme power imbalances. 

What causes the negotiations to “pull back" from a completely unbalanced outcome?
This is in fact a recurring effect in exchange experiments: human subjects placed in bargaining situations with strong power imbalances will 
systematically deviate from the extreme
predictions of simple theoretical models. One of the most basic experimental frameworks for exploring this effect is called the Ultimatum 
Game, and it works as follows.

the Ultimatum Game involves two people dividing a dollar, but following a very different procedure than what
we saw before:
(i) Person A is given a dollar and told to propose a division of it to person B. That is, A
should propose how much he keeps for himself, and how much he gives to B.
(ii) Person B is then given the option of approving or rejecting the proposed division.
(iii) If B approves, each person keeps the proposed amount. If B rejects, then each person
gets nothing.



The Ultimatum Game
• Moreover:

• A and B are communicating via instant 
messaging in different rooms

• A and B don’t know each other

• Suppose, A and B interesting in maximizing 
the amount of money => if A proposes
$0.01, B must agree

• But this is not how human behave, 
experiments show
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Moreover, let's assume that A and B are communicating by instant messaging from different rooms; they are told at the outset that they have 
never met each other before, and quite possibly will never meet again. For all intents and purposes, this is a one-shot interaction.

Suppose first that both people are strictly interested in maximizing the amount of money they walk away with; how should they behave? This 
is not hard to work out. First, let's consider how B should behave. If A proposes a division that gives any positive amount to B, then B's choice 
is between getting this positive amount of money (by accepting) and getting nothing (by rejecting). Hence, B should accept any positive offer.

Given that this is how B is going to behave, how should A behave? Since B will accept any positive offer, A should pick the division that gives 
B something and otherwise maximizes A's own earnings. Thus, A should propose $.99 for himself and $.01 for B, knowing that B will accept 
this. A could alternately propose $1.00 for himself and $.00 for B, gambling that B - who would then be indifferent between accepting and 
rejecting | would still accept.

But for this discussion we'll stick with the division that gives B a penny.This, then, is a prediction of how purely money-maximizing individuals 
would behave in a situation of extreme power imbalance: the one holding all the power (A) will offer as little as possible, and the one with 
essentially no power will accept anything offered. Intuition - and, as we will see next, experimental results - suggests that this is not 
how human beings will typically behave.



The Results of Experiments on
 the Ultimatum Game

• Experiments show that A tend to offer 
fairly balanced divisions of money: ~1/3 of 
total and often even 1/2 of total

• People tend to deviate from extreme 
predictions of raw mathematical models
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The Results of Experiments on the Ultimatum Game. 
A series of influential experiments in which they studied how people would actually play the Ultimatum Game. They found that people playing 
the role of A tended to offer fairly balanced divisions of the money - on average, about a third of the total, with a significant number of people 
playing A in fact offering an even split. Moreover, they found that very unbalanced offers were often rejected by the person playing the role of 
B.

A large amount of follow-up work has shown these finding to be highly robust, even when relatively large amounts of money are at stake. The 
experiment has also been carried out in a number of different countries, and there are interesting cultural variations, although again the 
tendency toward relatively balanced divisions is consistent.

The basic principles we discussed when defining payoffs in game-theoretic situations: a player's payoff should reflect his or her complete 
evaluation of a given outcome. So when a player B evaluates an outcome in which she walks away with only 10% of the total, one 
interpretation is that there is a significant negative emotional payoff to being treated unfairly, and hence when we consider B's complete 
evaluation of the options. B finds a a greater overall benefit to rejecting the low offer and feeling good about it than accepting the low 
offer and feeling cheated. Moreover, since people playing the role of A understand that this is the likely evaluation that their partner B will 
bring to the situation, they tend to offer relatively balanced divisions to avoid rejection, because rejection results in A getting nothing as well.

All these observations are useful when we think about network exchange experiments where there are strong power imbalances between 
adjacent nodes - in these situations, we should expect to see wide asymmetries in the division of resources, but not necessarily as 
wide as the basic models might predict.



Stable Outcomes
• An outcome of network exchange on a given graph consists of:

(i) A matching on the set of nodes, specifying who exchanges with 
whom

(ii) A number associated with each node - its value - indicating how 
much this node gets from its exchange. 

• If two nodes are matched - the sum of their values should equal 1;

• if a node is not a part of any matching in the outcome, then its 
value equals 0

11
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Having now built up some principles - both theoretical and empirical - that govern two-person interactions, we apply these to build a model 
that can approximately predict the
outcomes of network exchange on arbitrary graphs.

Outcomes.
We say that an outcome of network exchange on a given graph consists of two things:
(i) A matching on the set of nodes, specifying who exchanges with whom. 
(ii) A number associated with each node, called its value, indicating how much this node gets from its exchange. If two nodes are matched in 
the outcome, then the sum of their values should equal 1, indicating that they split the one unit of money in some fashion between them. If a 
node is not part of any matching in the outcome, then its value should equal 0, indicating that it does not take part in an exchange.

Figure on the slide depicts examples of outcomes on the 3-node and 4-node paths.



Stable Outcomes

• We want an outcome to be stable: no 
node X can propose an offer to some 
other node Y that makes both X and Y 
better off
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Stable Outcomes. For any network, there is almost always a wide range of possible outcomes. Our goal is to identify the outcomes that we 
should expect in a network when an exchange experiment is actually performed.

A basic property we'd expect an outcome to have is stability: no node X can propose an offer to some other node Y that makes both X and Y 
better off  - thus “stealing" node Y away from an existing agreement.

For example, consider pic(a). In addition to C feeling left out by the outcome, there is something that C can do to improve the situation: for 
example, C can offer 2/3 to B (keeping 1/3 for himself), if B will break her agreement with A and exchange with C instead. This offer from C to 
B would make B better off (as she would get 2/3 instead of her current 1/2) and it would also make C better off (as he would get 1/3 instead of 
0). There is nothing to prevent this from happening, so the current situation is unstable. (Although we've described this trade as having been 
initiated by C, it could equally well be initiated by B, in an attempt to improve on her current value of 1=2.)

Compare this to the situation in the pic (b). Here too C is doing badly, but now there is nothing he can do to remedy the situation. B is already 
getting 1 - the most she possibly can | and so there is nothing that C can offer to B to break the current A-B exchange. The situation, even 
though it is bad for some parties, is stable.



Stability and Instability
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Instability: 
Given and outcome consisting of a matching and values for the nodes, an 
instability in theis outcome is an edge not in the matching, joining two 
nodes X and Y, such that the sum of X’s value and Y’s value is less than 1

Stability: 
An outcome of network exchange is stable if and only if it contains no 
instabilities
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We can define an instability in an outcome to be a situation where two nodes have both the opportunity and the incentive to disrupt the 
existing pattern of exchanges. Specifically, we have the following definition.

Instability: Given an outcome consisting of a matching and values for the nodes, an instability in this outcome is an edge not in the 
matching, joining two nodes X and Y , such that the sum of X's value and Y 's value is less than 1.

Notice how this captures the kind of situation we're been discussing: in an instability, the two nodes X and Y have the opportunity to disrupt 
the status quo (because they're connected by an edge, and hence allowed to exchange), and they also have the incentive - since the sum of 
their values is less than 1, they can find a way to divide the dollar between them and each end up better than they currently are doing.

In the example we discussed from Figure (a), the instability is the edge connecting B and C - the sum of the values is 1/2, and so both B and 
C can end up better off by exchanging with each other. On the other hand, Figure(b) has no instabilities; there are no inherent stresses that 
could disrupt the status quo in Figure(b). Thus, we introduce a further definition, which we call stability.

Stability: An outcome of network exchange is stable if and only if it contains no instabilities.

Figures(c) and (e) provide some further opportunities to test these definitions on examples. There is an instability in Figure(c), since nodes B 
and C are connected by an edge and collectively making less than the one unit of money they could split by exchanging with each other. On 
the other hand, the outcomes in Figures (d) and (e) are both stable, since on the one edge not in the matching, the two nodes are collectively 
making at least one unit of money from the current situation.



Balanced Outcomes

• When there are many possible 
stable outcomes, what are natural 
ones (Balanced)?

• We can think about this as a type 
of bargaining in which the 
“outside options” are provided by 
the other nodes in the network
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In cases where there are many possible stable outcomes for a given network, we will show how to select a particularly natural set of outcomes 
that we call balanced.

The idea behind balanced outcomes is perhaps best illustrated by considering the four-node path. In particular, Figure(d) is a stable outcome, 
but it doesn't correspond to
what one sees in real experiments. Moreover, there is something clearly “not right" about it: nodes B and C are being severely out-negotiated. 
Despite the fact that each of them has
an alternate option, they are splitting the money evenly with A and D respectively, even though A and D have nowhere else to go.

We can think about this issue by noticing that network exchange can be viewed as a type of bargaining in which the “outside options" - 
in the sense of the Nash bargaining solution - are provided by the other nodes in the network. Figure(a) depicts this for the all- 1/2 
outcome we've been considering. Given the values for each node, we observe
that B in effect has an outside option of 1/2 , since she can offer 1/2 to C (or an amount very slightly higher than 1/2 ) and steal C away from 
his current agreement with D. For the same reason, C also has an outside option of 1/2 , by considering what he would need to offer B to steal 
her away from her current agreement with A. On the other hand, the network with its current node values provides A and D with outside 
options of 0 - they have no alternatives to their current agreements.



Defining Balanced Outcomes
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Balanced Outcome: 
An outcome is balanced if, for each edge in the 
matching, the split of the money represents the 
Nash bargaining outcome for the two nodes 
involved, given the best outside options for 
each node provided by the values in the rest of 
the network
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Defining Balanced Outcomes. The discussion above suggests a useful way to view the problem with the all-1/2 outcome: the exchanges 
that are happening do not represent the Nash bargaining outcomes with respect to the nodes' outside options. And it is in this context that the 
outcome in Figure(b) starts to look particularly natural. With these values, B has an outside option of 1/3 , since to steal C away from his 
current partnership B would need to offer C a value of 2/3 , keeping 1/3 for herself. Thus, B's 2/3 - 1/3 split with A represents the Nash 
bargaining solution for B and A with outside options provided by the values in the rest of the network. The same reasoning holds for the C-D 
exchange. Hence, this set of values on the 4-node path has an elegant self-supporting property: each exchange represents the Nash 
bargaining outcome, given the exchanges and values elsewhere in the network.

We can define this notion of balance in general for any network, as follows.

First, for any outcome in a network, we can identify each node's best outside option just as we did in the 4-node path: it is the most money the 
node can make by stealing a neighbor away from his or her current partnership. Now we define a balanced outcome as follows.

Balanced Outcome: An outcome (consisting of a matching and node values) is balanced if, for each edge in the matching, the split 
of the money represents the Nash bargaining outcome for the two nodes involved, given the best outside options for each node 
provided by the values in the rest of the network.

Notice how this type of outcome really is “balanced" between different extremes. On the one hand, it prevents B and C from getting too little, 
as in Figure(a). But it also prevents B and C from getting too much - for example, the outcome in Figure(c) is not balanced either, because B 
and C are each getting more than their share under the Nash bargaining outcome.

Notice also that all of the outcomes in the Figure are stable. So in this example it's reasonable to think of balance as a refinement of stability. 
In fact, for any network, every balanced outcome is stable. In a balanced outcome each node in the matching gets at least its best outside 
option, which is the most the node could get on any unused edge. So no two nodes have an incentive to disrupt a balanced outcome by using 
a currently unused edge, and therefore the outcome is stable. But balance is more restrictive than stability, in that there can be many stable 
outcomes that are not balanced.



Applications and Interpretations of 
Balanced Outcomes

• Balanced outcomes correspond approximately to 
the results of experiments with human subjects

• Unique balanced outcome for the stem graph:
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• Balanced outcome can only exist for an exchange network when a 
stable outcome exists (because balanced outcome is a stable outcome

• For example, triangle network doesn’t have a stable, and balanced, 
outcomes

Wednesday, March 23, 2011

Applications and Interpretations of Balanced Outcomes. In addition to its elegant definition, the balanced outcome corresponds 
approximately to the results of experiments with human subjects. We have seen this already for the 4-node path. The results for the stem 
graph provide another basic example.

Figure shows the unique balanced outcome for the stem graph: C and D exchange on even terms, providing B with an outside option of 1/2, 
and hence leading to a Nash bargaining outcome of 1/4-3/4 between A and B. The balanced outcome thus captures not just weak power 
advantages, but also subtle differences in these advantages across networks - in this case, the idea that B's advantage in the stem 
graph is slightly greater than in the 4-node path.

Given the delicate self-reference in the definition of a balanced outcome - its values are defined by determining outside options in terms 
of the values themselves - it is natural to ask whether balanced outcomes even exist for all networks. Of course, since any balanced 
outcome is stable, a balanced outcome can only exist when a stable outcome exists, and we know from the previous section that for certain 
graphs (such as the triangle) there is no stable outcome. But it can be shown that in any network with a stable outcome, there is also a 
balanced outcome, and there are also methods to compute the set of all balanced outcomes for a given network



A Game-Theoretic Approach to Bargaining

• Nash bargaining solution provides a natural 
prediction for how the surplus in the 
bargaining will be divided

• Can we model bargaining as a game where 
Nash bargaining outcome would emerge as 
an equilibrium?
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We have considered a basic setting in which two people, each with outside options, bargain over a shared resource. We argued that the 
Nash bargaining solution provides a
natural prediction for how the surplus available in the bargaining will be divided. When John Nash originally formulated this notion, he 
motivated it by first writing down a set of axioms he believed the outcome of any bargaining solution should satisfy, and then showing that 
these axioms characterize his bargaining solution. 

But one can also ask whether the same solution can be motivated through a model that takes into account the strategic behavior of 
the people performing the bargaining- that is, whether we can formulate a game that captures the essentials of bargaining as an 
activity, and in which the Nash bargaining outcome emerges as an equilibrium.



Formulating Bargaining as a 
Dynamic Game

• We will use our basic set-up: 

• A and B negotiate over how to split $1

• A has an outside option x, B has an outside option y

• x+y<1

• Conversation in a dynamic game
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We will use the basic set-up. There are two individuals A and B who negotiate over how to split $1 between them. Person A has an outside 
option of x and person B has an outside option of y. We assume that x + y < 1 as otherwise there is
no way to split the $1 that would be beneficial to both people.

Formulating Bargaining as a Dynamic Game. The first step is to formulate bargaining as a game. To do this, we imagine a stylized picture 
for how two people A and B might negotiate over the division of a dollar, as suggested by the following hypothetical conversation (in which A 
presumably has the stronger outside option):
A: I'll give you 30% of the dollar.
B: No, I want 40%.
A: How about 34%?
B: I'll take 36%.
A: Agreed.



Formulating Bargaining as
 a Dynamic Game

• In the first period A proposes a split of $1 as (a1,b1)

• B can either accept A’s proposal or reject it. If B accepts, the game 
ends, otherwise the game continues to period 2

• In the second period, B proposes a split (a2, b2), A can either accept 
of reject ...

• The periods continue indefinitely: A proposing a split in each odd 
numbered period, B proposing a split in each even-number period

(Period 1)A: (70,30)? B: Reject.
(Period 2)B: (60,40)? A:Reject.
(Period 3)A: (66,34)? B:Reject.
(Period 4)B: (64,36)? A:Accept

• There is a fixed probability p>0 that the negotiations abruptly break 
down at the end of each round

1923 March 2011 The Structure of Social and Information Networks

Wednesday, March 23, 2011

To capture the intuition suggested by this conversation, we define a dynamic bargaining game that proceeds over a sequence of periods 
that can continue indefinitely.

•In the first period, A proposes a split of the dollar in which he gets a1 and B gets b1. (The subscript “1" indicates that this is the split proposed 
in the first period.) We will denote this split by (a1; b1).

•B can then either accept A's proposal or reject it. If B accepts, the game ends and each player gets their respective portion. Otherwise, the 
game continues to period 2.

•In the second period, B proposes a split (a2; b2) in which she gets b2 and A gets a2. Now A can either accept or reject; again, the game ends 
if A accepts, and it continues if A rejects.

•The periods continue indefinitely in this fashion, with A proposing a split in each odd numbered period, and B proposing a split in each even-
number period. Any accepted offer ends the game immediately.

The conversation between A and B above fits the structure of this game, if we rewrite it using our notation as follows.
(Period 1) A: (:70; 30)? B: Reject.
(Period 2) B: (:60; 40)? A: Reject.
(Period 3) A: (:66; 34)? B: Reject.
(Period 4) B: (:64; 36)? A: Accept.

There is one more important part to the game, which models the idea that the two parties experience some pressure to actually reach a deal. 
At the end of each round, and before the next round begins, there is a fixed probability p > 0 that negotiations abruptly break down.

In the event of such a breakdown, there will be no further periods, and the players will be forced to take their respective outside options.

This describes the full game: it proceeds through a sequence of alternating offers, and it continues until someone accepts an offer or 
negotiations break down. At its conclusion, each player receives a payoff - either the accepted split of the dollar, or the outside options in the 
event of a breakdown.

The possibility of a breakdown in negotiations means that if B decides to reject the proposed split in the first period, for example, she is risking 
the possibility that there won't
be a second round, and she will have to fall back to her outside option. Each player has to take this risk into account each time they reject an 
offer. This breakdown probability is necessary for the results we derive on bargaining, and we can view it as reflecting the idea that each 
player believes there is some chance the game will end before they reach an
agreement. Perhaps the other player will give up on the negotiation or will abruptly be drawn away by some unexpected better opportunity 
that comes along, or perhaps there is
simply some outside reason that the game itself suddenly ends.



Analyzing This Dynamic Game

• There is important difference in this game:
so far, we considered finite-horizon 
games

• This game is infinite-horizon game
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Analyzing the Game: An Overview. The game we have just defined is a dynamic game, but with two differences worth noting. The first 
difference is that each time a player makes a proposal, the set of available strategies is infinite rather than finite: he or she can propose to 
keep a portion of the dollar equal to any real number between 0 and 1. For our purposes, this difference ends up being relatively minor, and it 
doesn't cause any trouble in the analysis. The second difference is more significant. 

So far, We considered finite-horizon games that ran for at most a finite number of periods, whereas here we have an infinite-horizon game 
in which the sequence of periods can in principle go on forever. This poses a problem for the style of analysis we used , where we reasoned 
from the  final period of the game (with just a single move left to make) backward to the beginning. Here there is no final period, so we will 
need a different way to analyze the game.



A First Step:
Analyzing a Two-Period Version of Bargaining
• A will accept B’s proposal (a2,b2) in the period 2, if a2 > x (x is A’s 

outside option) =>

• => there is no reason for B to offer A more than x, so B’s proposal 
(x, 1-x)

• => on the first round, if B rejects A’s proposal, she gets y with 
probability p, otherwise she gets 1-x

• => B’s expected payoff if she rejects on the first round: py + (1 - p)
(1 - x) = z

• => For A on the first round, there is no reason to offer > than z, so 
he offers (1-z, z), and this is in fact preferable for A because y < 1-
x => z < 1-x => 1-z > x

21

The negotiations here depends on p: 

if p -> 1, the negotiations finish on the first round with B’s payoff close to 
his outside option y;
if p-> 0, the negotiations continue to the second round, and A is driven to 
his outside option
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A First Step: Analyzing a Two-Period Version of Bargaining. Because of the complexity introduced by the infinite nature of the game, it is 
useful to get some initial
insight by first analyzing a finite version of it.

In particular, let's take our earlier version of the game and assume that it ends for sure at the end of the second period. (As before, it may also 
end with probability p at the end
of the first period.) Since this is now a game with a finite number of periods, we can solve it backward through time as follows.

1) First, A will accept B's proposal (a2; b2) in period two provided that a2 is at least as large as A's outside option x. (Since negotiations are 
guaranteed to end after this round, A is simply choosing at this point between a2 and x.)

2) Given this, there is no reason for B to offer A more than x, so B's period-two proposal will be (x; 1 - x). Since we have assumed x + y < 1, we 
have 1 - x > y, and so B
prefers this split to the outcome in which negotiations end and B gets only y.

3) Now, when B considers whether to accept or reject A's offer in the first round, she should compare it to the expected payoff she'd get by 
rejecting it and allowing the game to continue. If she rejects the offer, then with probability p, negotiations break down immediately and she 
gets y. Otherwise, the game continues to its second and final
round, where we've already concluded that B will get 1 - x. Therefore, B's expected payoff if she rejects the offer is py + (1 - p)(1 - x):

Let's call this quantity z; our conclusion is that in the first round, B will accept any offer of at least z.

4) Finally, we need to determine what A will propose in the first round. There is no point in A's offering to B anything more generous than (1 - z; 
z), since B will accept this,
so the question is simply whether A prefers this split to his outside option x. In fact, he does: since y < 1 - x, and z is a weighted average of y 
and 1 - x, it follows that z < 1 - x, and so 1 - z > x.
Therefore, A will propose (1 - z; z) in the first round, and it will be immediately accepted.

This describes the complete solution to the two-period bargaining game, and it's interesting to consider how the outcome for each player 
depends on the value of the breakdown probability p. When p is close to one, so that negotiations are very likely to break down in the first 
round, B's payoff z = py + (1 - p)(1 - x) is very close to her back-up option y; correspondingly, A gets almost all the surplus. On the other hand, 
when p is close to zero, so that negotiations are very likely to continue to the second round, B's payoff is very close to 1 - x, and so A is driven 
down to almost his back-up option.

This makes sense intuitively. When p is close to one, A has most of the leverage in the negotiations, since his offer is probably the only one 
that will get made. When p is close to zero, B has most of the leverage in the negotiations, since she will probably get to make the final offer, 
and can therefore safely ignore an undesirable initial offer from A.



Back to the Infinite-Horizon 
Bargaining Game

• A Stationary Equilibrium:

• The split (a1, b1) that A will offer whenever 
he is scheduled to propose a split;

• The split (a2, b2) that B will offer whenever 
she is scheduled to propose a split;

• Reservation amounts a’ and b’ - the 
minimum offers that A and B will accept 
from the other

• Since they split $1: b1=1-a1; a2=1-b2
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It feels more reasonable to consider negotiations that are allowed to go on for a long time, with the small underlying breakdown probability 
imposing a mild form of pressure to reach an agreement. This is the infinite-horizon version that we formulated initially, and which we will 
analyze next.

A Stationary Equilibrium. A nice feature of stationary strategies is that they're very easy to describe and work with. Although the game is 
complex, any pair of stationary strategies for A and B can be represented by just a few numbers, namely:

• The split (a1; b1) that A will offer whenever he is scheduled to propose a split;

• the split (a2; b2) that B will offer whenever she is scheduled to propose a split; and

• reservation amounts aʼ and bʼ, constituting the minimum offers that A and B respectively will accept from the other. 

Moreover, since the offers constitute proposed splits of one dollar, the two parts of each split sum to 1; so we have b1 = 1 - a1 and a2 = 1 - b2.



Infinite-Horizon Bargaining Game
• We now want to show, that with stationary strategies, as p converges to 0, A’s and B’s 

payoffs converge to the Nash bargaining outcome

• b1=b’ and a2=a’

• B’s overall expected payoff: py + (1-p)b2

• For B to be indifferent between accepting or rejecting (equilibrium): b1=py + (1-p)b2

• For A: a2=px + (1-p)a1

• Since b1=1-a1; a2=1-b2
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Our plan is to write down a set of equations on the values describing the stationary strategies, such that any pair of stationary strategies 
satisfying these equations constitute
an equilibrium. We will then solve these equations, obtaining a stationary equilibrium, and show that as the breakdown probability p converges 
to 0, the payoffs to A and B converge
to the Nash bargaining outcome.

The equations are as follows. First, as in the two-period version of the game, A will offer B the least he can in order to get B to accept his offer, 
so we set
b1 = bʼ 
Similarly, B will offer the least she can in order to get A to accept her offer, so
a2 = aʼ

Again following the reasoning from the two-period version, B will set her reservation amount b right at the level where she is indifferent 
between accepting A's offer and rejecting it. If
she accepts, she gets b1; if she rejects, she gets the expected payoff that comes from allowing the game to continue. We can determine this 
expected value as follows. With probability p, the game ends right after her rejection, in which case she receives y. Otherwise, the game 
continues with an offer by B to A, and this offer will be accepted since,
we've set a2 = aʼ. In this case, B receives b2; so her overall expected payoff from allowing the game to continue would be py + (1 - p)b2.
.....



Infinite-Horizon Bargaining Game

• As p converges to 0, players can expect 
negotiations to continue long time, payoffs 
are converge to the Nash bargaining 
outcome
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Nash Bargaining Solution: 

x + 1/2s outcome to A, and
y + 1/2s outcome to B
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• This lecture: 12.4 - 12.9

• Next lecture:

The Structure of The Web

Link Analysis and Web Search
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Up to this point in the book, we've considered networks in which the basic units being connected were people or other social entities, like  firms or organizations. The links connecting them 
have generally corresponded to opportunities for some kind of social or economic interaction.

In the next several chapters, we consider a different type of network, in which the basic units being connected are pieces of information, and links join pieces of information that are related to 
each other in some fashion. We will call such a network an information network.

As we will see, the World Wide Web is arguably the most prominent current example of such a network, and while the use of information networks has a long history, it was really the growth 
of the Web that brought such networks to wide public awareness.

While there are basic differences between information networks and the kinds of social and economic networks that we've discussed earlier, many of the central ideas developed earlier in 
the book will turn out to be fundamental here as well: we'll be using the same basic ideas from graph theory, including short paths and giant components; formulating notions of power in 
terms of the underlying graph structure; and even drawing connections to matching markets when we consider some of the ways in which search companies on the Web have designed their 
businesses.


